Abstract. In this paper the five-fold differential cross section for the (e, 2e) reaction is derived using a relativistic plane-wave Born approximation. It is shown that (e, 2e) reactions with electron impact energies of a few MeV should provide a sensitive test of the wavefunctions of the inner shells of heavy elements. Calculations are presented for the K shells of gold and thorium using relativistic and non-relativistic Hartree-Fock theories. These show that relativistic effects are significant in the bound-state wavefunctions of heavy elements, and that they can be measured in a measurement of the differential cross section.
Introduction
Electron impact ionisation experiments in which the two outgoing electrons are detected in coincidence after angular and energy analysis were pioneered by Ehrhardt et a1 (1969) . This type of experiment, which is commonly referred to as (e, 2e), was first proposed in a theoretical paper by Smirnov and Neudachin (1966) . Since these preliminary studies the (e,2e) reaction has been explored extensively in the nonrelativistic kinematic region (Camilloni et a1 1972 , Weigold et a1 1973 , van der Wiel 1973 , Brion 1975 . This work has been reviewed by Weigold and McCarthy (1978) and Giardini-Guidoni et a1 (1981) .
These studies show that the non-relativistic (e, 2e) reaction is a sensitive test of the target (atom, molecule or solid) electron structure and the electron impact ionisation reaction mechanism. The law of conservation of energy enables the (e, 2e) reaction to measure the binding energy E B of the knocked-out electron,
(1) E B = Eo-En-E B where Eo is the energy of the incident electron, E A is by convention its final energy and EB is the final energy of the ejected electron (see figure 1 ). The ion recoil momentum q is also measured in the (e, 2e) experiment, in the plane-wave approximation this is equal and opposite to the initial momentum of the ejected electron, 4 'PO-PA-PB (2) where po is the momentum of the incident electron, pa and pB are respectively the momentum of the scattered and the ejected electron.
Electron impact ionisation has been studied experimentally using relativistic electrons by Dangerfield and Spicer (1975) , Hoffman et a1 (1979) , Anholt (1979) . The measurements with relativistic electrons have all been of total cross sections, typically for the K and L shells of heavy elements. Theoretical models for total ionisation cross I Fuss, J Mitroy and B M Spicer sections have been developed by a number of authors including Scofield (1978) and Moiseiwitsch and Stockman (1980) . This field has been reviewed by Moiseiwitsch (1980) .
The total cross section for electron impact ionisation is dominated by lowmomentum transfer collisions. The reaction models of Scofield (1978) and Moiseiwitsch (1980) rely on this low momentum transfer and use photoelectron approximations. The (e, 2e) reaction in which the maximum momentum transfer occurs, that is, the reaction where the outgoing electrons have equal energy, is called the binary (e, 2e) reaction and has been the most successful for probing atomic, molecular and solid state structure. In this paper a theoretical model for the binary (e, 2e) reaction is developed using the impulse and the relativistic plane-wave Born approximations. This approach is adopted because of the success of the plane-wave approach in all of the studies of (e, 2e) reactions made by the Flinders and Frascati groups McCarthy 1978, Giardini-Guidoni et a1 1981) .
Relativistic electron wavefunctions
It is not possible at present to write a relativistic many-electron Hamiltonian in a closed form. The difficulty arises because the Coulomb potential is not Lorentz invariant. It is possible to develop a perturbation series in Z a = v / c for the electronelectron interaction. This was attempted by Breit (1929) using quantum electrodynamics. He was able to write the Hamiltonian for helium as a sum of Dirac Hamiltonians for the two electrons, the Coulomb interaction, and other operators which can be interpreted as a magnetic interaction and as a correction for retardation, both are of order (ulc)'. The inclusion of these terms introduces a high level of complexity into the many-electron problem.
The atomic calculations in this paper use the Hamiltonian
HD(i) is the Dirac Hamiltonian for the ith electron, (atomic units:
Using second quantisation notation a general independent-particle wavefunction is where a : is the creation operator for the ith electron state and IO) is the physical vacuum. Using this form and the variational principle the best independent-particle wavefunction can be obtained for the Hamiltonian in equations (3a, b ) . This is variously called a Dirac-Fock or relativistic Hartree-Fock wavefunction. These are central-field wavefunctions for atoms and can be expressed as determinants of singleelectron wavefunctions which are four-dimensional spinors of the form (Bethe and
The radial parts of these wavefunctions appear explicitly in their momentum space representation in the final form for the (e, 2e) cross section in the relativisticplane-wave Born approximation (RPWBA). The momentum space wavefunctions can be obtained from the real space wavefunctions via the transformation The continuum wavefunctions in this theory are represented by solutions to the free-particle Dirac equation where the Feynman (1949) slash notation is used, in which a ax,
The units are h = c = e = 1, and these will be used throughout the derivation of the cross section. The electron spinor solutions to equation (8) The adjoint of the spinor U ( p , +s) is
where E is the total electron energy and €J* = P x * ip,.
Scattering theory
The scattering matrix for the (e, 2e) reaction is In the impulse approximation the potential A does not operate on the ion state 17) so IT) commutes with A and
The four-vector current for the scattered electron in the plane-wave approximation is
(19) where the initial electron momentum is p o and its final momentum is PA. The electromagnetic potential due to this electron is given by Maxwell's equation a a ax, ax" OA"(x) =J'"(x)
U=--.
This may be solved using a Green's function
This is the Mprller (1932) potential (A") for an electron.
Using the Fourier decomposition of the Green's function
the scattering matrix (equation (17)) is Using equation (10) and integrating over y produces the delta function
which enables the K integration to be performed with the new identity
K = P O -P A~( E O -E A , P O -P A ) .
( 2 5 )
(28) where cB is the binding energy of the atomic state & ( r ) and q5t(q) is its momentum space representation (equation (7)) with q being the ion recoil momentum (equation (Bjorken and Drell 1964) , 00 is the incident electron velocity, d 3 p / ( 2~) 3 is the density of the final free-electron state and m / E corrects for the present free-particle spinor normalisation which is (30) E U+(P, S)U(P, $7 =-p.
Using the relations
the expression for the cross section becomes and performing the EB integration using the delta function the five-fold differential cross section for (e, 2e) is
Since it is unusual to measure spin polarisation in an (e, 2e) experiment then the cross section should be averaged over initial electron spins and summed over final spins. This can be performed for the scattering electron by using a momentum projection operator (Bjorken and Drell 1964) = [(I *pA)(I* 'PO) + (1" *pA)(I 'PO)-(I *I*)(pA *pO-m2)1/2m2 (38) where in equation (37) Tr stands for the trace of the operators in brackets. The atomic spin sums can be performed by elementary means yielding
S q S B
where if we use the units ( h = e = me = 3 )
and R, and Q, are the momentum space radial wavefunctions of the atomic state it),
The differential cross section for (e, 2e) in the relativistic plane-wave Born approximation (RPWBA) is where
The non-relativistic limit of equation (4 1 
Discussion of results
The formula for the five-fold differential cross section presented in equation (41) is not explicitly antisymmetric in the two final-state free electrons. Explicit antisymmetry is not necessary as in the symmetric (e, 2e) reaction, 6 = 6~= OB, EA= EB, the two final-state free-electron wavefunctions are equivalent. The formula is only for one target electron and so the differential cross section needs to be multiplied by the occupation number of the energy level studied. The effect of including relativity in the PWBA for the (e, 2e) reaction is illustrated in figures 2 and 3. These show that for electron impact energies higher than 0.5 MeV relativistic effects significantly change the magnitude of the cross section and its form as a function of energy.
The (e, 2e) cross section in the RPWBA and the PWBA approximations can be broken into the product of two parts where (45)
RPWBA

PWBA
The term A depends only on reaction kinetics and is independent of the azimuthal angle 4, see figure 1 . The term p ( q ) is the 'square' of the radial part of the singleparticle wavefunction in momentum space for the atomic state from which the electron was ejected. This term depends on the reaction kinetics only through the magnitude of the ion recoil momentum q which appears as the magnitude of the atomic electron momentum prior to ejection. The magnitude of q for the symmetric (e, 2e) reaction may be written in polar coordinates as (see figure 1) q = [(2pacos e -pol2 + 4 p i sin' e sin'(~/2)]"'. (49) The magnitude of the ion recoil momentum q depends on the azimuthal angle q5 and so the square of the radial wavefunction can be measured as a function of momentum q by measuring the (e, 2e) cross section as a function of 4.
This type of non-coplanar (e, 2e) reaction has been studied extensively at nonrelativistic energies and has been shown to measure the square of the wavefunctions accurately for the outer orbitals of atoms and molecules (Weigold and McCarthy 1978) . It should be possible to make such measurements at relativistic energies of a few MeV and hence measure the square of the wavefunctions of inner orbitals of heavy elements. These inner orbitals are significantly affected by relativistic effects (Grant 1970, Lindgren and Rosen 1974) . Figures 4 and 5 present calculations of cross sections for the K shells of gold and thorium respectively. The two curves presented in each figure are both calculated using relativistic reaction theory. However, one curve uses a non-relativistic Hartree-Fock calculation in LS coupling (Froese Fischer 1978) for the atomic bound-state wavefunction, while the other uses a relativistic Hartree-Fock calculation, giving a single configuration wavefunction in j j coupling (Grant et a1 1980) . The magnitudes of the cross sections are the same as many nuclear physics cross sections and so should be measurable. Since the K-shell measurements can be made using solid targets, absolute cross sections should be obtainable (Weigold and McCarthy 1978) . However, the shapes of the relativistic and non-relativistic HartreeFock wavefunctions are different and so a relative cross section measurement should be able to distinguish between the two theories. That is, an (e, 2e) experiment using incident electrons of a few MeV can be used to measure relativistic effects in the wavefunctions of the K-shell electrons of heavy atoms.
